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B
roadband

B
eam

form
ing

T
he

b
eam

w
idth

of
an

array
is
prop

ortional
to

its
ap
erture,

and
inversely

prop
ortional

to
frequency;

in
an

array
of

fi
xed

size,
b
eam

w
idth

is
therefore

frequency-dep
endent:

gain/[dB]

Ω2
π

angle
of

arrival
/
◦

frequency-invariant
solutions

have
b
een

suggested,
see

e.g.
[1,2];

generally:
the

ap
erture

is
controlled

in
a
frequency-dep

endent
fashion,

adopting
the

array’s
w
idest

b
eam

w
idth

(i.e.
p
oorest

resolution)
across

the
op
erational

bandw
idth;

w
e
discusss

the
com

bination
of

a
nested

array
[2]

w
ith

an
im
plem

entationally
sim

ple
frequency-invariant

design.
W
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O
ctave-Invariant

A
rray

T
hrough

N
esting

W
e
select

a
non-uniform

ly
spaced

nested
array,

w
hich

com
prises

of
subarrays

w
ith

dyadically
scaled

ap
erture

but
otherw

ise
identical

num
b
er

of
elem

ents
and

confi
gurations:

m
=

0

m

each
subarray

processes
data

w
ithin

a
diff

erent
octave:

w
ith

every
doubling

of
frequency,

w
e
halve

the
subarray’s

ap
erture

[T
rees

&
B
ell,

2002]:

Ω

π
π2

0
π4

π8

using
the

sam
e
array

processing,
the

overall
array

is
invariant

from
octave

to
octave.
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F
requency-D

ep
endent

A
p
erture

A
discrete

rectangular
array

corresp
onds

to
a
D
irichlet

kernel
in

b
eam

space,

p
M
[m

]
◦—

•
sin

M2
Ψ

sin
12 Ψ

;

w
e
scale

a
fundam

ental
p
eriod

of
the

kernel
inversely

prop
ortional

to
frequency

and
re-p

eriodise;

the
inverse

discrete
F
ourier

transform
over

one
octave

yields
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note:
ap
erture

now
decreases

w
ith

frequency,
leading

to
a
constant

b
eam

w
idth.
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A
rbitrary

W
indow

ing

W
hen

applying
an

arbitrary
w
indow

w
M
[n
],
the

m
ultiplication

in
the

elem
ent

dom
ain

corresp
onds

to
a
convolution

in
b
eam

space;

p
M
[m

]·
w
M
[m

]
◦—

•
K
∑k
=
−
K

sin
M2
(Ψ

−
2
π
k

M
)

sin
12 (Ψ

−
2
π
k

M
)
·
W

(e
j
2
π
k

M
)
;

m
ost

w
indow

s
only

have
very

few
coeffi

cients
in

b
eam

space
(H

ann
w
indow

:
K

=
1;

T
aylor

w
indow

:
usually

K
=
2
suffi

cient
for

a
very

accurate
im
plem

entation),
hence

the
convolution

is
easily

im
plem

ented;

exam
ple

for
a
T
aylor

w
indow

:
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L
o
ok-D

irection
S
election

F
or

a
look

direction
other

than
ϑ
0
=
0
◦,
it
is
p
ossible

to
introduce

a
shift

in
b
eam

space;

this
corresp

onds
to

a
m
odulation

in
elem

ent
space;

b
ecause

this
m
odulation

is
applied

to
a
fundam

ental
p
eriod

b
efore

scaling
and

re-p
eriodisation,

discontinuities
arise

at
the

m
argins

of
the

fundam
ental

p
eriod

—
this

is
the

only
degradation;
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T
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w
indow

,
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w
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Im
plem

entation

T
he

previous
analysis

has
defi

ned
frequency-dep

endent
elem

ent-space
w
eights;

an
im
plem

entation
therefore

is
p
erform

ed
in

the
discrete

F
ourier

dom
ain;

an
overlap-add

im
plem

entation
avoids

m
ism

atches
b
etw

een
linear

/
cyclic

convolutions;

x
0 [n

]

s/p

D
F
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D
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M
:

#
of

sen
sors

p
er

o
ctave

P
:

#
of

o
ctaves

K
:

#
of

freq
u
ecn

cy
b
in
s
from

d
esign

KK

this
requires

a
doubling

of
frequency

p
oints

from
the

design;

the
elem

ent-space
design

is
expanded

by
a
factor

of
tw
o
in

frequency,
and

interp
olated

by
zeroing

half
the

coeffi
cients

in
the

tim
e
dom

ain
b
efore

transform
ing

back.
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R
esults

N
ested

array
w
ith

M
=
21

sensors
in

each
of

4
octaves

w
ith

a
T
aylor

w
indow

p
ointing
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30
◦:
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